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Abstract
This paper provides a study of algebraic Ricci solitons in the pseudo-
Riemannian case. In the Riemannian case, all nontrivial homogeneous
algebraic Ricci solitons are expanding algebraic Ricci solitons. In this
paper, we obtain a steady algebraic Ricci soliton and a shrinking algebraic
Ricci soliton in the Lorentzian setting.
1 Introduction
The problem to construct a distinguished metric on a manifold is important in
differential geometry. The Einstein structure and the Ricci soliton structure are
candidates. For answering this question, the Ricci flow introduced by Hamilton
in [11] is an important tool. Let g(t) be a 1-parameter family of Riemannian
metrics on a differentiable manifold Mn. If the Riemannian metric g(t) satisfies
the equation
∂
∂t
g(t)ij = −2̺[g(t)]ij ,
then g(t) is called a solution to the Ricci flow.
Hamilton proved that the Ricci flow on a closed manifold has a solution for a
short time. It is the most basic result on the existence of the Ricci flow solution.
Hamilton [11] proved that a closed 3-manifold with positive Ricci curvature is
diffeomorphic to S3. Hamilton’s idea in [11] was to use the normalized Ricci
flow
∂
∂t
g(t) =
2
n
(∫
Mn
Rdv∫
Mn
dv
)
g − 2̺
starting with the given Ricci positively curved metric on the given 3-manifold.
He proved that the solution converges to a constant curvature metric exponen-
tially fast. After Hamilton’s work [11], the study of the Ricci flow has been one
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of the central problems in differential geometry. For instance, Perelman [19] was
able to prove Thurston’s geometrization conjecture.
From the definition of the Ricci flow, a fixed point of the Ricci flow is a
Ricci-flat metric, and a fixed point of the normalized Ricci flow is an Einstein
metric. From Proposition 2.3, Ricci solitons change only by diffeomorphism
and rescaling, and are regarded as generalized fixed points. In other words, let
M(Mn) be the space of Riemannian metrics onMn, and D(Mn) the diffeomor-
phism group of Mn. Considering the dynamical system of the Ricci flow on the
moduli space M(Mn)/D(Mn)× R+, we regard Ricci solitons as fixed points.
In this paper, we study left-invariant pseudo-Riemannian metrics and alge-
braic Ricci solitons on Loretzian Lie groups. The concept of an algebraic Ricci
soliton was first introduced by Lauret in the Riemannian case (see [13]). Lauret
proved that algebraic Ricci solitons on homogeneous Riemannian manifolds are
Ricci solitons. In general, problems for Ricci solitons are second-order differ-
ential equations. However, problems for algebraic Ricci solitons are algebraic
equations. Therefore, algebraic Ricci solitons allow us to construct Ricci soli-
tons in an algebraic way, i.e., using algebraic Ricci soliton theory, the study of
Ricci solitons on homogeneous manifolds becomes algebraic.
So far, Ricci solitons have been studied in the Riemannian case. Recently, the
study of Ricci solitons in the pseudo-Riemannian setting has started with special
attention to the Lorentzian case. In the Riemannian case, all homogeneous non-
trivial Ricci solitons are expanding Ricci solitons. In the pseudo-Riemannian
case, there are shrinking homogeneous non-trivial Ricci solitons discovered in
[18], while all vector fields of these Ricci solitons are not left-invariant. And
3-dimensional homogeneous Lorentzian Ricci solitons with left-invariant vector
fields are classified in [3]. Other results about Lorentzian Ricci solitons are
found in [2], [4], [6], [7].
In this paper, we study algebraic Ricci solitons on Lorentzian Lie groups in
the Lorentzian case. By using algebraic Ricci soliton theory, we can construct
homogeneous Lorentzian Ricci solitons in an algebraic way. For example, we
can construct the Ricci soliton in [18] by using algebraic Ricci solitons and
Theorem 2.5. Recall that all homogeneous non-trivial solvsolitons are expanding
in the Riemannian setting. In this paper, we construct Lorentzian algebraic
Ricci solitons on the Heisenberg group HN and the oscillator groups Gm(λ)
and on three-dimensional Lorentzian Lie groups. In particular, we obtain new
Lorentzian Ricci solitons on HN and Gm(λ).
This paper is organized as follows. In Section 2, we introduce algebraic
Ricci solitons in the pseudo-Riemannian case, and prove Theorem 2.5 which
claims that algebraic Ricci solitons give rise to Ricci solitons. Sections 3, 4, and
5 contain Examples of solvsolitons on Lorentzian Lie groups. Particularly, in
Section 3 and 4, we obtain the new Ricci solitons.
2
2 Algebraic Ricci solitons and Ricci solitons
The concept of an algebraic Ricci soliton was first introduced by Lauret in the
Riemannian case (see [13]). The definition extends to the pseudo-Riemannian
case:
Definition 2.1. Let (G, g) be a simply connected Lie group equipped with the
left-invariant pseudo-Riemannian metric g, and let g denote the Lie algebra of
G. Then g is called an algebraic Ricci soliton if it satisfies
Rc = cId +D (2.1)
where Rc denotes the Ricci operator, c is a real number, and D ∈ Der (g). In
particular, an algebraic Ricci soliton on a solvable Lie group, (a nilpotent Lie
group) is called a solvsoliton (a nilsoliton).
Recall that Der(g) denotes the Lie algebra of derivations of g,
Der(g) := {D ∈ gl(g)|D[X,Y ] = [DX,Y ] + [X,DY ] for anyX,Y ∈ g}.
Obviously, Einstein metrics are algebraic Ricci solitons. In this paper, we con-
sider solvsolitons on a solvable Lie group.
Remark 2.2. Let G be a semisimple Lie group, g a Left-invariant Riemannian
metric. If g is a solvsoliton, then g is Einstein (see [13]).
Next we introduce Ricci solitons. Let g0 be a pseudo-Riemannian metric on
a manifold Mn. If g0 satisfies
̺[g0] = cg0 + LXg0 ,
where ̺ is the Ricci tensor of g0, X is a vector field and c is a constant, then
(Mn, g0, X, c) is called a Ricci soliton structure and g0 the Ricci soliton. More-
over, we say that the Ricci soliton g0 is a gradient Ricci soliton if the vector
field X satisfies X = ∇f where f is a function, and the Ricci soliton g0 is a
non-gradient Ricci soliton if the vector field X satisfiesX 6= ∇f for any function
f . If c is positive, zero, or negative, then g0 is called a shrinking, steady, or
expanding Ricci soliton, respectively. According to [9], we check that a Ricci
soliton is a Ricci flow solution.
Proposition 2.3 (see [9]). A pseudo-Riemannian metric g0 is a Ricci soliton
if and only if g0 is the initial metric of the Ricci flow equation,
∂
∂t
g(t)ij = −2̺[g(t)]ij ,
and the solution is expressed as g(t) = c(t)(ϕt)
∗g0, where c(t) is a scaling pa-
rameter, and ϕt is a diffeomorphism.
In the closed Riemannian case, Perelman [19] proved that any Ricci soliton is
a gradient Ricci soliton, and any steady or expanding Ricci soliton is an Einstein
3
metric with the Einstein constant zero or negative, respectively. However in the
non-compact Riemannian case, a Ricci soliton is not necessarily gradient and
a steady or expanding Ricci soliton is not necessarily Einstein. In fact, any
left-invariant Riemannian metric on the three-dimensional Heisenberg group
is an expanding non-gradient Ricci soliton which is not an Einstein metric.
(See [1], [8], [14].) In the Riemannian case, all homogeneous non-trivial Ricci
solitons are expanding Ricci solitons. In the pseudo-Riemannian case, there
are shrinking homogeneous Ricci solitons discovered in [18], while all three-
dimensional homogeneous Lorentzian Ricci solitons are classified in [3]. Other
results about Lorentzian Ricci solitons are found in [2], [4], [6].
Lauret proved the relation of solvsolitons and Ricci solitons on Riemannian
manifolds.
Theorem 2.4 ([13]). Let g be a left-invariant Riemannian metric. If g is an
algebraic Ricci soliton, then g is a Ricci soliton.
We extend the above proposition to the pseudo-Riemannian case. We obtain
the following
Theorem 2.5. Let g be a left-invariant pseudo-Riemannian metric. If g is an
algebraic Ricci soliton, then g is a Ricci soliton.
Proof. Let g be an algebraic Ricci soliton with Rc = cI +D. Let {ei}
n
i=1 be a
pseudo-orthonormal basis. We define ϕt satisfying dϕt
∣∣
e
= e
t
2
D, and we define
the vector field XD, given by XD =
d
dt
∣∣
0
ϕt(p). Then the Lie derivative of XD
is given by
(LXDg)(ei, ej) =
d
dt
∣∣
0
ϕ∗t g(ei, ej) =
1
2
(
g(Dei, ej) + g(ei, Dej)
)
,
for any i, j. Therefore we obtain
̺(ei, ej) =
1
2
(
g
(
Rc(ei), ej
)
+ g
(
ei,Rc(ej)
))
=
1
2
(
g
(
(cI +D)ei, ej
)
+ g
(
ei, (cI +D)ej
))
= cg(ei, ej) + (LXDg)(ei, ej).
It is natural to consider the opposite of Theorem 2.5. A Riemannian manifold
(M, g) is called a solvmanifold if there exists a transitive solvable group of
isometries. Jablonski proved
Theorem 2.6 ([12]). Consider a solvmanifold (M, g) which is a Ricci soliton.
Then (M, g) is isometric to a solvsoliton and the transitive solvable group may
be chosen to be completely solvable.
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In the Lorentzian case, there exists a Ricci soliton which is not an algebraic
Ricci soliton. Indeed, SL(2,R) has left-invariant Lorentzian Ricci solitons (see
[3]). But, SL(2,R) does not have an algebraic Ricci soliton which is not Einstein
(see [5]).
Lauret characterized an algebraic Ricci soliton by some properties in the
Riemannian setting. The following was proved by Lauret.
Theorem 2.7 ([13]). Let N be a nilpotent Lie group with Lie algebra n. If g
and g′ are two Ricci nilsoliton metrics on N , then (N, g) is isometric to (N ′, g)
up to scaling. In particular, g′ = bϕ.g for some b > 0 and some ϕ ∈ Aut(n).
However, the above theorem in the Lorentzian case does not hold. Indeed, we
prove that the metrics g1 and g2 are nilsolitons on H3. They are non-isometric
by [20].
Lauret gave a characterization of Riemannian Ricci nilsolitons on homoge-
neous nilmanifolds via solvable extensions.
Definition 2.8. A metric solvable extension of (n, g) is a metric solvable Lie
algebra of the form (s = a⊕ n, g˜) such that
[s, s]′ = n = a⊥, [X,Y ]′ = [X,Y ], g˜(X,Y ) = g(X,Y ), for any X,Y ∈ n
where [·, ·]′ and [·, ·] denotes the Lie brackets of s and n respectively.
Theorem 2.9 ([13]). A homogeneous nilmanifold is a Riemannian nilsoliton
if and only if n admits a metric solvable extension with a Abelian whose corre-
sponding solvmanifold is Einstein.
It is not clear to the author whether the above result holds in the Lorentzian
case. In the Riemannian case, if (n, g) satisfies Rc(g) = cIg +Dg, then Lauret
constructed a metric solvable extension (s, g˜) of (n, g) that is Einstein ̺(g˜) = cgI.
In this case, the constant cg satisfies cg = −trD
2
g/trDg, and trDg > 0. However,
in the Lorentzian case there exists a solvsoliton that satisfies cg = 0, trDg = 0
(see Section 4).
3 The classical Heisenberg groups
Let n be a positive integer, and set N = 2n+1. The higher-dimensional classical
Heisenberg group HN is defined as the group of (n+2)×(n+2) upper triangular
matrices 
 1 t~a c~0 In ~b
0 t~0 1

 ,
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where ~a, ~b ∈ Rn, c ∈ R. Topologically, HN is diffeomorphic to R
N under the
map
H3 ∋


1 x1 · · · xn xN
0 1 · · · 0 x1+n
...
...
. . .
...
...
0 0 · · · 1 xn+n
0 0 · · · 0 1

 7→ (x1, · · · , xn, x1+n, · · · , x2n, xN ) ∈ R
N .
Under this identification, left multiplication by (~a,~b, c) corresponds to the map
L(~a,~b,c)(~x, ~y, z) = (~a+ ~x,
~b+ ~y, c+ z +t ~a~y) .
Then the Lie algebra of HN has a basis consisting of
Fi =
∂
∂xi
, Fi+n =
∂
∂xi+n
+ xi
∂
∂xN
, FN =
∂
∂xN
,
for which
[Fi, Fj ] = [Fi, FN ] = [Fi+n, Fj+n] = [Fi+n, FN ] = 0, [Fi, Fj+n] = δijFN .
We consider the left-invariant Lorentzian metric g2 given by
g2(F1, F1) = · · · = g2(F2n, F2n) = −g2(FN , FN ) = 1.
We remark that the above metric generalizes g2 on H3 in Section 5. In this
section, we prove the following theorem.
Theorem 3.1. The above metric g2 is a nilsoliton. There exists a metric
solvable extension which is an Einstein metric.
Proof. The Levi-Civita connection of the metric g2 is given by
(∇FαFβ) =

 O (12δijFN ) (12Fi+n)(− 12δijFN ) O (− 12Fi)
(12Fi+n) (−
1
2Fi) O

 (3.1)
and the non-zero components of the Ricci tensor are
̺(Fi, Fi) = ̺(Fi+n, Fi+n) =
3
4
n−
1
4
, ̺(FN , FN ) =
n
2
,
where i = 1, · · · , n. Its Ricci operator Rc is given by
Rc =


(3
4
n−
1
4
)
I2n O
O −
n
2

 . (3.2)
6
Next we compute the Lie algebra of derivations of g. By definition, we get
D =


D11 D
1
2 · · · D
1
2n D
1
N
D21 D
2
2 · · · D
2
2n D
2
N
...
...
. . .
...
...
Dn1 D
n
2 · · · D
n
2n D
n
N
...
...
. . .
...
...
D2n1 D
2n
2 · · · D
2n
2n D
2n
N
DN1 D
N
2 · · · D
N
2n D
N
N


, (3.3)
with
DjN = D
j+n
N = 0, (3.4a)
DNN = D
i
i +D
i+n
i+n , (3.4b)
Dj+ni = D
i+n
j , (3.4c)
Dji +D
j+n
i+n = 0, (3.4d)
Dji+n = D
i
j+n, (3.4e)
DiN = D
i+n
N = 0. (3.4f)
If g satisfies the nilsoliton equation (2.1), then it satisfies

c = 2n−
1
2
Dii = −
5
4
n+
1
4
aij = 0 otherwise.
(3.5)
Therefore g2 is a nilsoliton.
Next we consider a solvable extension of HN . Its algebra has generators H ,
F1, F2, F3 and Lie brackets
[H,Fi]
′ = DFi, [Fi, Fj ]
′ = [Fi, FN ]
′ = [Fi+n, Fj+n]
′ = [Fi+n, FN ]
′ = 0,
[Fi, Fj+n]
′ = δijFN ,
where D satisfies the nilsoliton equation (2.1). We consider the left-invariant
pseudo-Riemannian metric g˜ given by
g˜(H,H) = a, g˜2(F1, F1) = · · · = g˜2(F2n, F2n) = −g˜2(FN , FN ) = 1.
Then the Levi-Civita connection of the metric g˜ is given by

O O O O
(−bFi)
( b
a
δijH
) (1
2
δijFN
) (1
2
Fj+n
)
(−bFi+n)
(
−
1
2
δijFN
) ( b
a
δijH
) (
−
1
2
Fj
)
(−2bFN )
(1
2
Fi+n
) (
−
1
2
Fj
)
−2
b
a
H


, (3.7)
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where b = −
5
4
n+
1
4
. And the non-zero components of the Ricci tensor are
̺(H,H) = (−2n− 4)b2, ̺(Fi, Fi) = ̺(Fi+n, Fi+n) = (−2n− 2)
b2
a
+
1
2
,
̺(FN , FN ) = (−2n− 2)
b2
a
+
1
2
.
Therefore it is Einstein if and only if a = −4b2 and its Einstein constant is
n
2
+ 1.
Remark 3.2. According to Theorem 2.5, the left-invariant Lorentzian metric
g2 is a Ricci soliton. We will exhibited the Ricci soliton equation by derivation
D. According to the proof of Theorem 2.5, we define ϕt by
e
t
2
D =
(
e(−
5
8
n+ 1
8
)tI2n O
O e(−
5
4
n+ 1
4
)t
)
= dϕt|e.
Then we get
∂ϕit
∂xi
= e(−
5
8
n+ 1
8
)t,
∂ϕi+nt
∂xi+n
= e(−
5
8
n+ 1
8
)t,
∂ϕNt
∂xN
= e(−
5
4
n+ 1
4
)t,
where i = 1, · · · , n. We can solve above differential equation, and we obtain
ϕt(p) = (e
(− 5
8
n+ 1
8
)tx1, · · · , e
(− 5
8
n+ 1
8
)tx2n , e
(− 5
4
n+ 1
4
)txN )
So the Ricci soliton vector field is exhibited as
XD =
d
dt
∣∣∣
t=0
ϕt(p)
=
(
−
5
8
n+
1
8
)
(xiFi + xi+nFi+n) +
(
−
5
4
n+
1
4
)(
xN −
1
2
∑
i
xixi+n
)
FN .
It is easy check that ∇iXj −∇jXi 6= 0, therefore the left-invariant Lorentzian
metric g1 is a non-gradient Ricci soliton.
4 The Oscillator groups
In this section, we will see an example of a steady solvsoliton. The oscillator
algebra gm(λ) = g(λ1, · · · , λm) has (2m+2)-generator P , X1, · · · , Xm, Y1, · · · ,
Ym, Q, and Lie brackets
[Xi, Yj ] = δijP, [Q,Xj ] = λjYj , [Q, Yj ] = −λjXj.
That is, gm(λ) is the semidirect product of the Heisenberg algebra hm generated
by (P,X1, · · · , Xm, Y1, · · · , Ym), and the line generated by Q, under the homo-
morphism ad|hm : 〈Q〉 → Der(hm). It is a solvable non-nilpotent Lie algebra
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and the connected simply connected Lie group whose Lie algebra is gm(λ) is the
oscillator group Gm(λ) = G(λ1, · · · , λm).
We consider the left-invariant metric defined by gε(P, P ) = gε(Q,Q) = ε,
gε(Xi, Xj) = gε(Yi, Yj) = δij , and other components are zero. If ε = 0 and
λi = 1 for each i = 1, · · · ,m, the corresponding Lorentzian metric is also right-
invariant. In other cases, gε is not bi-invariant (see [10]). The Levi-Civita
connection of the metric gε is given by
∇PXj = −
ε
2
Yj = ∇XjP, ∇XjQ = −
1
2
Yj ,
∇QXj =
(
λj −
1
2
)
Yj , ∇PYj =
ε
2
Xj = ∇YjP,
∇YjQ =
1
2
Xj , ∇QYj = −
(
λj −
1
2
)
Xj,
∇XjYj =
1
2
P = −∇YjXj ,
(4.1)
and other components are zero. Its Ricci tensor is expressed by
̺(P, P ) =
ε2m
2
, ̺(P,Q) =
εm
2
, ̺(Xj , Xj) = −
ε
2
,
̺(Yj , Yj) = −
ε
2
, ̺(Q,Q) =
m
2
,
and other components are 0. Its Ricci operator Rc is given by
Rc =


εm
2
O O
m
2
O −
ε
2
Im O O
O O −
ε
2
Im O
O O O O

 . (4.2)
Next we compute the Lie algebra of derivations of g. We getD ∈ Der
(
gm(λ)
)
given by
DP = αP, DXj = ajP +
∑
l
bljXl +
∑
l
cljYl,
DYj = a˜jP +
∑
l
BljXl +
∑
l
CljYl, DQ = µP −
∑
l
λlalXl −
∑
l
λla˜lYl,
with
α = bii + C
i
i , b
k
j + C
j
k = 0, λjB
i
j = −λic
i
j , (4.3)
λjC
i
j = λib
i
j , λjb
i
j = λiC
i
j , λjc
i
j = −λiB
i
j , (4.4)
for any i, j 6= k. We prove
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Theorem 4.1. If gε satisfies the solvsoliton equation (2.1), then it satisfies

ε = c = 0,
µ =
m
2
,
α = aj = a˜j = b
i
j = c
i
j = 0,
(4.5)
for any i, j. Therefore the left-invariant Lorentzian metric g0 is a steady solv-
soliton.
The solvable extension of the oscillator algebra gm(λ) = g(λ1, · · · , λm) has
(2m+ 3)-generator H , P , X1, · · · , Xm, Y1, · · · , Ym, Q, and Lie brackets
[H,Q] = DQ =
m
2
P, [Xi, Yj ] = δijP, [Q,Xj] = λjYj , [Q, Yj ] = −λjXj ,
where D satisfies the solvsoliton equation (2.1). We consider the metric g˜, given
by g˜(H,H) = a and g˜(Fi, Fj) = δij . Then the Levi-Civita connection of g˜ is
given by
∇QH = −
m
2
P, ∇XiYj =
δij
2
P = −∇YjXj , ∇XiQ = −
1
2
Yi,
∇QXj =
(
λj −
1
2
)
Yj , ∇YiQ =
1
2
Xi,
∇QYj = −
(
λj −
1
2
)
Xj , ∇QQ =
m
2a
H,
(4.6)
and other components are zero. The curvature tensor is given by
R(Q,Xi)Xj =
δij
4
P, R(Q, Yi)Yj =
δij
4
P, (4.7)
R(Xi, Q)Q =
1
4
Xi, R(Yi, Q)Q =
1
4
Yi. (4.8)
Its Ricci tensor vanishes except ̺(Q,Q) =
m
2
. Hence this is not Einstein.
Remark 4.2. Next, we consider solvable extensions of Gm(λ). However, there
are derivations of the Lie algebra such that the solvable extension of Gm(λ) is
Einstein. Actually, when m = 1, we consider the derivation of the Lie algebra
given by
[H,P ] = DP = 2bP, [H,X ] = aP + bX + cY, [H,Y ] = a˜P − cX + bY,
[H,Q] = kP − λaX − λa˜Y, [X,Y ] = P, [Q,X ] = λY, [Q, Y ] = −λX.
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Then the Levi-Civita connection of the metric g1 is given by
∇HP = −∇PH = bP, ∇HX =
λ+ 1
2
aP + cY, (4.9)
∇XH =
λ− 1
2
aP − bX, ∇HY =
λ+ 1
2
a˜P − cY, (4.10)
∇XH =
λ− 1
2
a˜P − bX, ∇HQ = −
λ+ 1
2
aX −
λ+ 1
2
a˜Y − bQ, (4.11)
∇QH = −kP +
λ− 1
2
aX +
λ− 1
2
a˜Y − bQ, ∇PQ = ∇QP =
b
h
H, (4.12)
∇XX = ∇Y Y =
b
h
H, ∇XY = −∇YX =
1
2
P, (4.13)
∇XQ =
1− λ
2h
aH −
1
2
Y, ∇QX =
1− λ
2h
aH +
(
λ−
1
2
)
Y, (4.14)
∇YQ =
1− λ
2h
a˜H +
1
2
X, ∇QY =
1− λ
2h
a˜H −
(
λ−
1
2
)
X, (4.15)
∇QQ =
k
h
H. (4.16)
The non-zero components of the Ricci tensor are
̺(H,H) = −4b2, ̺(X,X) = ̺(Y, Y ) = ̺(P,Q) = −
4b2
h
, (4.17)
̺(Q,Q) =
1− λ2
2h
(a2 + a˜2)−
2kb
h
+
1
2
, (4.18)
̺(X,Q) =
λ− 1
2h
(3ab+ a˜c), ̺(Y,Q) =
λ− 1
2h
(3a˜b− ac). (4.19)
When λ = 1, the metric g˜ is Einstein if and only if h = 4kb and kb 6= 0. When
λ 6= 1, the metric g˜ is Einstein if and only if h = 4kb, a = a˜ = 0 and kb 6= 0, or
b = c = 0, h = −(λ2 − 1)(a2 + a˜2), aa˜ 6= 0.
5 Three-dimensional left-invariant Lorentzian Ricci
solitons
In this section, we consider left-invariant Lorentzian metrics on 3-dimensional
Lie groups. The Ricci solitons that we consider in this section were constructed
in [18].
5.1 Nilsolitons on H3
Let H3 be the 3-dimensional Heisenberg group. N. Rahmani and S. Rahmani
[21] proved that any left-invariant Lorentzian metric on H3 is classified into
11
three types g1, g2 and g3, up to isometry and scaling, given by
g1 = −dx
2 + dy2 + (x dy + dz)2 ,
g2 = dx
2 + dy2 − (x dy + dz)2 ,
g3 = dx
2 + (x dy + dz)2 −
(
(1− x)dy − dz
)2
.
Nomizu [16] proved that g3 is flat. N. Rahmani and S. Rahmani [21] showed that
g1 and g2 are not Einstein. In [18], we proved that the left-invariant Lorentzian
metric g1 is a Lorentzian Ricci soliton. My previous paper [18] contains a
mistake that g2 is Einstein. I correct it and introduce the following theorem.
Theorem 5.1 ([16, 18]). On the 3-dimensional Heisenberg group, the metrics
g1 and g2 are shrinking non-gradient Ricci solitons, and g3 is flat.
In this section, we prove the following theorem.
Theorem 5.2. The above metrics g1 and g2 are nilsolitons. There exist metric
solvable extensions that are Einstein metrics.
Proof. The metric g2 was done in Section 3. We consider the metric g1. Let
our frame be defined by
F1 =
∂
∂z
, F2 =
∂
∂y
− x
∂
∂z
, F3 =
∂
∂x
,
and coframe
θ1 = x dy + dz , θ2 = dy , θ3 = dx .
It is easy to check that the metric g1 is represented as
g1 = (θ
1)2 + (θ2)2 − (θ3)2 ,
and all brackets [Fi, Fj ] vanish except [F2, F3] = F1 .
Then the Levi-Civita connection of the metric g1 is given by
(∇FiFj) =
1
2

 0 F3 F2F3 0 F1
F2 −F1 0

 , (5.1)
and its Ricci tensor is expressed as
̺(F1, F1) = −
1
2
, ̺(F2, F2) =
1
2
, ̺(F3, F3) = −
1
2
,
and other components are 0. Obviously the Lorentzian metric g1 is not Einstein.
Its Ricci operator Rc is given by
Rc =
1
2

 −1 0 00 1 0
0 0 1

 . (5.2)
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Next we compute the Lie algebra of derivations of g. Then we get
Der(g) =



 a22 + a33 a12 a130 a22 a23
0 a32 a
3
3



 .
If g satisfies the nilsoliton equation (2.1), then it satisfies

c =
3
2
a22 = a
3
3 = −1
aij = 0 otherwise.
(5.3)
Therefore g1 is a nilsoliton.
Next we consider a solvable extension of (H3, g1). Its algebra has generators
H , F1, F2, F3 and Lie brackets
[H,F1]
′ = DF1 = −2F1, [H,F2]
′ = DF2 = −F2,
[H,F3]
′ = DF3 = −F3, [F2, F3]
′ = F1,
where D satisfies the solvsoliton equation (2.1). We consider the left-invariant
pseudo-Riemannian metric g˜ given by g˜ = h(θ0)2 + (θ1)2 + (θ2)2 − (θ3)2. Then
the Levi-Civita connection of the metric g˜ is given by
(∇FiFj) =


0 0 0 0
2F1 −
2
h
H
1
2
F3
1
2
F2
F2
1
2
F3 −
1
h
H
1
2
F1
F3
1
2
F2 −
1
2
F1 −
1
h
H


, (5.4)
and the non-zero components of the Ricci tensor are
̺(H,H) = −6, ̺(F1, F1) = −
8
h
−
1
2
, ̺(F2, F2) = −̺(F3, F3) = −
4
h
+
1
2
.
Therefore it is Einstein if and only if h = −4 and its Einstein constant is
3
2
.
According to Theorem 2.5, the left-invariant Lorentzian metric g1 is a Ricci
soliton (see also [18]).
5.2 A solvsoliton on E(2)
Let E(2) be the group of rigid motions of Euclidean 2-space. We consider the
left-invariant Lorentzian metric given by
g1 = dx
2 + (cosx dy + sinx dz)2 − (− sinx dy + cosx dz)2.
In [18], we proved that this metric g1 is a Lorentzian Ricci soliton. In this
section, we prove the following
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Theorem 5.3. The metric g1 is a solvsoliton. There exists a metric solvable
extension which is an Einstein metric.
Proof. Let our frame be defined as
F1 =
∂
∂x
, F2 = cosx
∂
∂y
+ sinx
∂
∂z
, F3 = − sinx
∂
∂y
+ cosx
∂
∂z
,
and coframe
θ1 = dx , θ2 = cosx dy + sinx dz , θ3 = − sinx dy + cosx dz .
It is easy to check that the metric g1 is represented as
g1 = (θ
1)2 + (θ2)2 − (θ3)2 ,
with
[F1, F2] = F3 , [F2, F3] = 0 , [F3, F1] = F2.
Then the Levi-Civita connection of the metric g1 is given by
(∇FiFj) =

 0 0 0−F3 0 −F1
F2 −F1 0

 , (5.5)
and its Ricci tensor vanishes except ̺(F1, F1) = 2 . Its Ricci operator Rc is
given by
Rc =

 2 0 00 0 0
0 0 0

 . (5.6)
Next we compute the Lie algebra of derivations of g. We get
Der(g) =



 0 0 0a21 a22 a23
a31 −a
2
3 a
3
3



 .
If g satisfies the solvsoliton equation (2.1), then it satisfies

c = 2
a22 = a
3
3 = −2
aij = 0 otherwise.
(5.7)
Therefore g1 is a solvsoliton.
Next we consider a solvable extension of E(2). Its algebra has generators H ,
F1, F2, F3 and Lie brackets
[H,Fi]
′ = DFi, [F1, F2]
′ = F3, [F2, F3]
′ = 0, [F3, F1]
′ = F2,
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where D satisfies the solvsoliton equation (2.1). We consider the left-invariant
pseudo-Riemannian metric g˜ given by g˜ = h(θ0)2 − (θ1)2 + (θ2)2 + (θ3)2. Then
the Levi-Civita connection of the metric g˜ is given by
(∇FiFj) =


0 0 0 0
0 0 0 0
2F2 −F3 −
2
h
H −F1
2F3 F2 −F1
2
h
H

 , (5.8)
and the non-zero components of the Ricci tensor are
̺(H,H) = −8, ̺(F1, F1) = 2, ̺(F2, F2) = −
8
h
, ̺(F3, F3) =
8
h
.
Therefore it is Einstein if and only if h = −4 and its Einstein constant is 2.
According to Theorem 2.5, the left-invariant Lorentzian metric g1 is a Ricci
soliton (see also [18]).
5.3 A solvsoliton on E(1, 1)
Let E(1, 1) be the group of rigid motions of Minkowski 2-space. We consider
the left-invariant Lorentzian metric given by
g1 = −dx
2 + (e−xdy + exdz)2 + (e−xdy − exdz)2.
In [18] we proved that the above metric g1 is a Lorentzian Ricci soliton. In this
section, we prove the following
Theorem 5.4. This metric g1 is a solvsoliton. There exists a metric solvable
extension which is an Einstein metric.
Proof. Let our frame be defined as
F1 =
∂
∂x
, F2 =
1
2
(
ex
∂
∂y
+ e−x
∂
∂z
)
, F3 =
1
2
(
ex
∂
∂y
− e−x
∂
∂z
)
,
and coframe
θ1 = dx, θ2 = e−x dy + ex dz, θ3 = e−x dy − ex dz.
It is easy to check that the metric g1 is represented as
g1 = −(θ
1)2 + (θ2)2 + (θ3)2 ,
with
[F1, F2] = F3 , [F2, F3] = 0 , [F3, F1] = −F2.
Then the Levi-Civita connection of the metric g1 is given by
(∇FiFj) =

 0 0 0−F3 0 −F1
F2 −F1 0

 , (5.9)
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and its Ricci tensor vanishes except ̺(F1, F1) = −2. Obviously the Lorentzian
metric g1 is not Einstein. Its Ricci operator Rc is given by
Rc =

 2 0 00 0 0
0 0 0

 . (5.10)
Next we compute the Lie algebra of derivations of g. We get
Der(g) =



 0 0 0a21 a22 a23
a31 a
2
3 a
3
3



 .
If g satisfies the solvsoliton equation (2.1), then it satisfies

c = 2
a22 = a
3
3 = −2
aij = 0 otherwise.
(5.11)
Therefore g1 is a solvsoliton.
Next we consider a solvable extension of E(1, 1). Its algebra has generators
H , F1, F2, F3 and Lie brackets
[H,Fi]
′ = DFi, [F1, F2]
′ = F3, [F2, F3]
′ = 0, [F3, F1]
′ = −F2,
where D satisfies the solvsoliton equation (2.1). We consider the left-invariant
pseudo-Riemannian metric g˜ given by g˜ = h(θ0)2 − (θ1)2 + (θ2)2 + (θ3)2. Then
the Levi-Civita connection of the metric g˜ is given by
(∇FiFj) =


0 0 0 0
0 0 0 0
2F2 −F3 −
2
h
H −F1
2F3 F2 −F1
2
h
H

 , (5.12)
and the non-zero components of the Ricci tensor are
̺(H,H) = −8, ̺(F1, F1) = −2, ̺(F2, F2) = −
8
h
, ̺(F3, F3) = −
8
h
.
Therefore it is Einstein if and only if h = −4 and its Einstein constant is 2.
According to Theorem 2.5, the left-invariant Lorentzian metric g1 is a Ricci
soliton (see also [18]).
Acknowledgments
The author gratefully acknowledges many helpful comments from Professor Ry-
oichi Kobayashi. The author would like to thank Professor Ohnita, Professor
Hiroshi Tamaru and Professor Parker, for support and comments. The authors
wish to thank the referees’ valuable comments and feedback on our manuscript.
16
References
[1] P. Baird and L. Danielo, Three-dimensional Ricci solitons which project to
surfaces, J. Reine Angew. Math. 608 (2007), 65–91.
[2] W. Batat, M. Brozos-Vazquez, E. Garcia-Rio, and S. Gavino-Fernandez,
Ricci solitons on Lorentzian manifolds with large isometry groups, Bull. Lon-
don Math. Soc. (2011)
[3] M. Brozos-Vazquez, G. Calvaruso, E. Garcia-Rio, and S. Gavino-Fernandez,
Three-dimensional Lorentzian homogeneous Ricci solitons, Israel Journal of
Mathematics, DOI: 10.1007/s11856-011-0124-3.
[4] M. Brozos-Vazquez, E. Garcia-Rio, and S. Gavino-Fernandez, Locally Con-
formally Flat Lorentzian Gradient Ricci Solitons, arXiv:1106.2924v1 (2011).
[5] W. Batat and K. Onda, Algebraic Ricci Solitons of three-dimensional
Lorentzian Lie groups, arXiv:1112.2455.
[6] G. Calvaruso, B. De Leo, Ricci solitons on Lorentzian Walker three-
manifolds. (English summary) Acta Math. Hungar. 132 (2011), no. 3, 269–
293.
[7] G. Calvaruso and A. Fino, Four-dimensional pseudo-Riemannian homoge-
neous Ricci solitons, arXiv: 1111.6384 (2011).
[8] C. Guenther, J. Isenberg, and D. Knopf, Linear stability of homogeneous
Ricci solitons, Int. Math. Res. Not. (2006), Art. ID 96253, 30.
[9] B. Chow and D. Knopf, The Ricci flow: an introduction, Mathematical Sur-
veys and Monographs, vol. 110, American Mathematical Society, Providence,
RI, 2004.
[10] P. M. Gadea and J. A. Oubin˜a, Homogeneous Lorentzian structures on the
oscillator groups, Arch. Math. (Basel) 73 (1999), no. 4, 311–320.
[11] R. S. Hamilton, Three-manifolds with positive Ricci curvature, J. Differen-
tial. Geom. 17 (1982) 255-306.
[12] M. Jablonski, Homogeneous Ricci solitons, arXiv:1109.6556.
[13] J. Lauret, Ricci soliton homogeneous nilmanifolds, Math. Ann. 319 (2001),
no. 4, 715–733.
[14] J. Lott, On the long-time behavior of type-III Ricci flow solutions, Math.
Ann. 339 (2007), no. 3, 627–666.
[15] J. Milnor, Curvature of left invariant metrics on Lie groups, Adv. Math.
21 (1976), 293–329.
[16] K. Nomizu, Left-invariant Lorentz metrics on Lie groups, Osaka J. Math.
16 (1979), no. 1, 143–150.
17
[17] B. O’Neill, Semi-Riemannian Geometry. New York: Academic Press, 1983.
[18] K. Onda, Lorentz Ricci solitons on 3-dimensional Lie groups, Geom. Ded-
icata. 147 (2010), 313–322.
[19] G. Perelman, The entropy formula for the Ricci flow and its geometric
applications, arXiv: 0211159 (2002).
[20] S. Rahmani, Me´triques de Lorentz sur les groupes de Lie unimodulaires de
dimension trois, J. Geom. Phys. 9 (1992), 295–302.
[21] N. Rahmani and S. Rahmani, Lorentzian geometry of the Heisenberg group,
Geom. Dedicata. 118 (2006), 133-140.
18
